Abstract. We study the real cyclic sextic fields generated by a root w of (X -l)6 -(r2 + 108)(X2 + A')2, t e Z -{0, ±6, ±26}. We show that, when t1 + 108 is square-free (except for powers of 2 and 3), and t =t 0, ± 10. + 54, then w is a generator of the module of relative units. The details of the proofs are given in [3] .
X3 -tX2-(t + 3)X-1, feZ, and a conjugate of w3 is (-w3 -l)/w3. We have given in [4] an analog for cyclic quartic fields; these fields are generated by a root w4 of (2) X4 -tX3 -6X2 + tX+ 1, ieZ-{0, ±3}, and a conjugate of w4 is (w4 -l)/(w4 + 1).
The main interest of these fields is that they have an explicit system of fundamental units and a relatively large class number. These class numbers have been computed in [7] for the cubic, and in [4] for the quartic case. A simplest cubic field is used in [6] to compute the first example where the real part of the class number of the pth cyclotomic field is larger than p; similarly, the corresponding quartic fields are used in [1] to prove a general inequality for the real part of the class number of some cyclotomic fields. Real cyclic sextic fields are studied in [5] , where a table of units and class numbers (for conductors less than 2021) is computed. Here we define sextic fields in which we can find 0 such that a conjugate of 6 is a homographie function of 6 (in fact, this conjugate is (0 -l)/(0 + 2)), but this element, even if it is a unit, is not a relative unit, as it was in cubic and quartic cases. From this element 6, we construct a relative unit w which is the analog of (1) and (2). First we recall some general results concerning relative units in real cyclic sextic fields, and then apply these results to our special family of units.
2. Relative Units. Let K/Q be a real cyclic sextic field of conductor /, let a be a generator of its Galois group, and let k2 and k3 be the quartic and cubic sub fields oiK.
Let E be the group of units of K. We consider the group of relative units of K (i.e., the elements of E whose norm is +1 over k2 and k3); this group is (+1) 0 £*, where (3) £, = {ug E,ux-°+°2 = 1}.
Then £+ is a free module over Z[a]/(1 -o + a2) -Z[exp(2;'7T/6)]; this implies that there exists a generating relative unit, i.e., a unit e such that every unit u g £+ may be written
moreover, if (u) is the submodule of £" generated by u, u ¥= 1, then we have
Using the general formula established in [2] , we obtain an upper bound for
which is of the same kind as the one of [5] :
Theorem 1. // the conductor f of K is > 28, then for any unit u g £* -{1} we have (6) (g. :
3. A Family of Real Sextic Fields. Let ( e Z; we consider the fields Kt = Q(6), where 0 is a root of
We show in [3] the following properties (Px) to (P5):
(Px) If t g Z -{0, ±6, ±26}, then P is irreducible in Q[X], and K, = Q(0) is a real cyclic sextic field; a generator a of its Galois group is characterized by the relation o(6) = (6 -l)/(8 + 2). We have K_t = K, for all / g Z, and then we can suppose that t g N -{0,6,26}.
(P2) The quadratic subfield of K, is k2 = Q(\Jt2 + 108). (3)). First, we study the size of w when t -» + oo ; we show that 0 ~ ?/2, and then w --r and w0-1.
We deduce from this, that when t -* + oo, we have (11) ^(w)~(Log02.
Next, we study if w is a generator of £*. By computing an upper bound for the roots of (10), and using (6) (ii) We have p = 4 if and only if there exists u g £," such that w = u2, and this is impossible, since w is not totally positive; then the index p is odd.
To apply (12), it is necessary to know the conductor / of K, and then, using (P4), the squares dividing t2 + 108. So we obtain two infinite sets of fields K, where a generator of £* is known: Definition 1. Let T be the infinite set o/ieN, t ¥= 0, such that t2 + 108 is square-free, except for powers of 2 and 3.
For all t G T, we consider the field Kt = Q(w), where w is defined in (10). The main result concerning this family is the following Theorem 2. For all t g T -{10,54}, the unit w given by (10) is a generator of the module £" of relative units of Kt.
Proof. We verify, using (13), that (£* : (w)) = 3 if and only if t = 10 (s = 1) and t = 54(s = 3). After this, we can prove, using (12), that for all / > 90, (£* : < w>) < 7, and we compute directly (£* : (w)) for all fields K" t e T, t < 90 [3] , Definition 2. Let S be the infinite set of s G N, s # 0, 2, swc/¡ í«ar s2 + 3 and s2 + 12 are square-free, except for powers of 2.
For all i G S, let t = s(s2 + 9); we consider the field Ls = K, = Q(w), where w is defined in (10). From (13), there exists a unit v g £+ such that w = t;1 + 0, and we compute (14) lrr(î;,Q) = (X-lf+(s2 + 12)(X5 -Xas2X3 -X2 + X).
We have t2 + 108 = (s2 + 3)2(s2 + 12); since i G S, we deduce from (P4) that the conductor / of Ls is Since t = (6r + 3)(36r2 + 36r + 18) = 2 mod 4, the field k3 is a simplest cubic field. Then, if s g 5 and 5 = 3 mod6, the three fields k2, k3, and K, have an explicit system of fundamental units. 
